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PERSISTENTLY FOLIAR COMPOSITE KNOTS
CHARLES DELMAN AND RACHEL ROBERTS
ABSTRACT. A knot κ in S3 is persistently foliar if, for each boundary slope, there is a co-
oriented taut foliation meeting the boundary of the knot complement transversely in a foliation
by curves of that slope. For rational slopes, these foliations may be capped off by disks to
obtain a co-oriented taut foliation in every manifold obtained by Dehn surgery on that knot.
We first show that any composite knot with a persistently foliar summand is persistently foliar
and that any nontrivial connected sum of fibered knots is persistently foliar. As an application,
it follows that any composite knot in which each of two summands is a fibered, alternating or
Montesinos knot is persistently foliar.
We note that, in constructing foliations in the complements of fibered summands, we build
branched surfaces whose complementary regions agree with those of Gabai’s product disk de-
compositions, except for the one containing the boundary of the knot complement. It is this
boundary region which provides for persistence.
1. INTRODUCTION
Co-oriented taut foliations play an important role in the study of 3-manifolds. Recently,
the search for co-oriented taut foliations in 3-manifolds has been informed by the L-space
conjecture [44, 2, 33], which states that an irreducible space that is not an L-space necessarily
contains a co-oriented taut foliation. Considering manifolds obtained by Dehn surgery on S3,
a knot κ is called an L-space knot if some non-trivial Dehn surgery on κ yields an L-space.
A knot κ is persistently foliar if, for each boundary slope, there is a co-oriented taut foliation
meeting the boundary of the knot complement transversely in a foliation by curves of that
slope. For rational slopes, these foliations may be capped off by disks to obtain a co-oriented
taut foliation in every manifold obtained by Dehn surgery on that knot. In this context, we
propose the L-space knot conjecture:
Conjecture 1.1 (L-space knot conjecture). A knot is persistently foliar if and only if it is not
an L-space knot and has no reducible surgeries.
Krcatovich [35] has proven that nontrivial connected sums of knots are never L-space knots.
In this paper, we prove that many composite knots are also persistently foliar, as detailed in the
results described below. It follows that any such knot κ satisfies the L-space knot conjecture,
and any 3-manifold obtained by Dehn surgery along κ satisfies the L-space conjecture.
Let κ be any knot in S3, and fix a regular neighbourhoodN(κ) of κ. SetXκ = S3\intN(κ).
Parametrize ∂N(κ) as S1×S1 so that {1}×S1 represents the meridian, and S1×{1} represents
the longitude, of κ. A lamination of ∂N(κ) has slope m ∈ RP 1 if it is isotopic to the image
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2 DELMAN AND ROBERTS
of lines of slope m under the universal covering map R2 → S1 × S1 : (s, t) 7→ (e2piis, e2piit).
The slope 1/0 is called the trivial slope.
More generally, given any 3-manifold M with a single torus boundary component, define
the set of slopes on ∂M to be the set of isotopy classes of unoriented (simple) curves on ∂M .
In the case that M is a fibered manifold with fiber F , we distinguish ∂F as the longitude of
∂M and define a meridian in this context to be any curve having a single point of minimal
transverse intersection with ∂F .
Definition 1.2. A foliation F strongly realizes a slope if F intersects ∂N(k) transversely in a
foliation by curves of that slope.
Remark 1.3. Note that no co-oriented taut foliation strongly realizes the meridian of a knot
in S3, since S3 is simply connected.
We proceed as follows. First we show that connected sums behave well with respect to
strong realization of slopes:
Proposition 4.1. Suppose κ = κ1#κ2 is a connected sum of knots in S3. If the slope m along
κ1 is strongly realized, then so is the slope m along κ.
Corollary 4.2 Suppose κ = κ1# · · ·#κn is a connected sum of knots. If at least one of the κi
is persistently foliar, then so is κ.
We next show that connected sums of fibered knots are persistently foliar and therefore
satisfy the L-space Knot Conjecture:
Theorem 6.1 Suppose κ1 and κ2 are nontrivial fibered knots in S3. Any nontrivial slope on
κ = κ1#κ2 is strongly realized by a co-oriented taut foliation that has a single minimal set,
disjoint from ∂N(κ). Hence κ1#κ2 is persistently foliar.
Combining the results above with those of [7, 9, 8], we obtain that the the L-space Knot
Conjecture holds for composite knots in which each of at least two summands is fibered,
alternating, or Montesinos:
Corollary 6.2 Suppose κ is a composite knot in which each of two summands is a fibered,
alternating, or Montesinos knot. Then κ is persistently foliar.
Corollary 6.3 Suppose κ is a composite knot in which each of two summands is a fibered,
alternating, or Montesinos knot, and X̂κ is a manifold obtained by non-trivial Dehn surgery
along κ. Then X̂κ contains a co-oriented taut foliation; hence, κ satisfies the L-space Knot
Conjecture.
Since connected sums of fibered knots are necessarily fibered ([49]; for a geometric argu-
ment, see [13]), we can contrast the co-oriented taut foliations constructed in this paper with
those constructed in [47, 48]. First, we combine some results found in [48] and restate them
using the language of Honda, Kazez and Matic´ [29]:
Theorem 1.4. [48] Suppose κ is any nontrivial fibered knot in S3, with monodromy φ. Exactly
one of the following is true:
(1) φ is right-veering, and for some 1 ≤ r <∞, any slope in (−∞, r) is strongly realized
by a minimal co-oriented taut foliation.
(2) φ is left-veering, and for some 1 ≤ r < ∞, any slope in (−r,∞) is strongly realized
by a minimal co-oriented taut foliation.
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(3) Any nontrivial slope is strongly realized by a minimal co-oriented taut foliation.
A nontrivial connected sum of fibered knots has right-veering (left-veering, respectively)
monodromy only if each nontrivial component has right-veering (left-veering, respectively)
monodromy. Hence, if κ1 and κ2 are nontrivial fibered knots in S3 with monodromies that
are neither both left-veering nor both right-veering, then the construction of [48] yields co-
oriented taut foliations that strongly realize all nontrivial boundary slopes. In Section 7, we
focus on this case, and prove that the methods of this paper yield new constructions of co-
oriented taut foliations. Recall that a minimal set is called genuine if there is at least one region
complementary to the minimal set that is is not a product [24].
Theorem 7.3 Suppose that X is a fibered 3-manifold, with fiber F a compact oriented
surface with connected boundary, and orientation-preserving monodromy φ. If there is a tight
arc α so that the corresponding product disk Dα has transition arcs of opposite sign, then
there is a co-oriented taut foliation Fr that strongly realizes slope r for all slopes except µ,
the distinguished meridian. Furthermore, each Fr extends to a co-oriented taut foliation F̂r
in X̂(r), the closed 3-manifold obtained by Dehn filling along r, and when r intersects the
meridian efficiently in at least two points, the minimal set of F̂(r) is genuine.
In contrast, the foliations constructed in [47, 48] are minimal. Hence, when the foliations
F̂r have genuine minimal set, they cannot be isotopic to the foliations constructed in [47,
48]. However, it is possible that these foliations are equivalent under some coarser notion of
equivalence.
Question 1.5. Suppose κ = κ1#κ2 is a nontrivial connected sum that is fibered, and let M be
obtained by nontrivial Dehn surgery along κ. Let F , and F ′ be co-oriented taut foliations in
M , with F constructed as in [48] and F ′ constructed as described in this paper.
(1) Are F and F ′ coarsely isotopic [23]?
(2) Are F and F ′ transverse to a common smooth flow?
(3) Are F and F ′ transverse to nowhere vanishing vector fields v and v′, respectively, that
represent a common Spinc-structure s ∈ Spinc(M) [43]?
(4) If yes to (2), do weakly symplectically fillable contact structures ξ, ξ′ approximating,
respectively, F and F ′ have common contact invariant c(ξ) = c(ξ′) ∈ ĤF(M, s) [46,
30]?
The construction of co-oriented taut foliations in this paper, as well as in [7, 9, 8], involves
making choices of spine and co-orientation on the branches of a spine chosen. It seems likely
that different choices can lead to co-orientable taut foliations that are not isotopic (even up to
reversing the co-orientation), and hence (1)–(4) of Question 1.5 apply.
Note that work of Ghiggini [26] and Ni [38, 39] (see also [31, 32]) establishes that an
L-space knot is necessarily fibered. Hence, conjecturally, any non-fibered knot in S3 is per-
sistently foliar. Restricting attention to fibered knots permits us to minimize use of the theory
of sutured manifolds and thus to emphasize the simplicity of the construction. In a future
paper [10], we discuss more general conditions that allow for the construction of co-oriented
taut foliations that strongly realize all boundary slopes except one. In particular, we make the
following conjecture:
Conjecture 1.6. Every composite knot is persistently foliar.
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All constructions of co-oriented taut foliations found in this paper are adaptions of the pure
arrow type construction found in [7]. Among the constructions of persistent families of co-
oriented taut foliations found in [7, 9, 8, 10, 11], these are the ones closest to the sutured
manifold constructions introduced by Gabai.
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3. PRELIMINARY DEFINITIONS
3.1. Fibered knots and product disks. Fix a parametrization of ∂N(κ) as S1 × S1 so that
{1}×S1 represents the meridian, which we denote by µ, and S1×{1} represents the longitude,
which we denote by λ. A knot κ in S3 is fibered if the knot complement Xκ is homeomorphic
to
F × [0, 1]/ ∼,
where (x, 1) ∼ (φ(x), 0) for some compact orientable surface F and homeomorphism φ :
F → F . In this case, F is called a fiber of κ, and φ the monodromy map of the fibering. The
homeomorphism type of F × [0, 1]/ ∼ is dependent only on the isotopy class of φ.
We will always assume that a fibered knot κ and its fiber F are consistently oriented; namely,
F is oriented and κ is isotopic to ∂F as oriented manifolds. We also assume an orientation of
S3, with the induced normal orientation on F equal to the increasing orientation on the [0, 1]
factor of F × [0, 1].
Although not necessary for this paper, for completeness we state some results in the context
of fibered 3-manifolds, rather than restricting attention to knot complements. LetX denote the
fibered 3-manifold
F × [0, 1]/ ∼,
where (x, 1) ∼ (φ(x), 0), for some compact orientable surface F and orientation preserving
homeomorphism φ : F → F . We restrict attention to the case that F has a single boundary
component. As described in [48] and [34], there is a canonical choice of meridian µ, and hence
a canonical parametrization of ∂X as S1×S1 so that S1×{1} is isotopic to ∂F , and {1}×S1
is isotopic to µ in this more general case also. When X = Xκ is a knot complement, this
canonical choice agrees with the standard one.
Two properly embedded arcs intersect efficiently (efficiently rel endpoints) if any intersec-
tions are transverse and no isotopy through properly embedded arcs (rel endpoints) reduces
the number of points of intersection. We identify ∂F × {t} with S1 × e2piit ⊂ ∂N(κ) and
assume, for each x ∈ ∂F , that the arc {x} × [0, 1]/ ∼ intersects every meridian efficiently rel
endpoints. Up to an isotopy of φ, a properly embedded arc in F is either mapped to itself by
φ or else has efficient intersection with its image under φ. A properly embedded essential arc
α in F that satisfies the condition that (α and φ(α) are not isotopic and) the intersection of α
with φ(α) is efficient is called tight.
Define a retraction of ∂X to the longitude ∂F × {1} by
r : ∂X → ∂F × {1} : (s, t) 7→ (s, 1).
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Definition 3.1. Given any nonseparating tight arc α ∈ F , with endpoints α(0) and α(1) in ∂F ,
letD(α) be the image of α×[0, 1], and let δi(α) be the image of α(i)×[0, 1], for i = 0, 1, under
the quotient map F × [0, 1]→ F × [0, 1]/ ∼. Identify α with the image of α× {0} and φ(α)
with the image of α × {1}; thus, ∂D(α) = α ∪ φ(α) ∪ δ0(α) ∪ δ1(α). Let δri (α) = r (δi(α)),
the projection into the longitude ∂F given by the retraction r. Call each δi(α) a transition arc,
and each δri (α) the meridian complement of δi(α). This terminology is justified by Proposition
5.4, which shows that µi(α) := δi(α) ∪ δri (α) is the meridian. Before proving this, we must
introduce branched surfaces and train tracks, which we do in Section 5.
Remark 3.2. The condition that α be non-separating is included to simplify the exposition; it
is not necessary.
Definition 3.3. Given any metric space X and any subset A ⊂ X , the closed complement of
A in X , denoted X|A, is the metric completion of X \ A.
Remark 3.4. Intuitively, X|A amounts to cutting X open along A. In particular, we will
consider the closed complement of a curve in a surface and of a surface or, more generally, a
lamination [25], in a 3-manifold, with respect to the path metric inherited from a Riemannian
metric. For example, if F is a fiber of a fibered knot κ, thenM |F is homeomorphic to F×[0, 1].
Definition 3.5. Let M be a 3-manifold with nonempty boundary, and let S be an oriented
surface with nonempty boundary properly embedded in M . Label the two copies of S in
(M |S) by S− and S+. A product disk is an immersed disk in M whose pre-image under
the quotient map M |S → M is properly embedded in (M |S) with boundary consisting of two
essential arcs in ∂M , and two essential arcs in S, one contained in S− and one in S+. A product
disk is tight if the two arcs of its boundary in S are non-isotopic and intersect efficiently.
In particular, the disk D(α) of definition 3.1 is a tight product disk.
3.2. Laminations and foliations. Roughly speaking, a codimension-one foliation F of a 3-
manifold M is a disjoint union of surfaces injectively immersed in M such that (M,F) looks
locally like (R3,R2 × R). More precisely, we have the following definition.
Definition 3.6. Let M be a closed C∞ 3-manifold. A codimension one foliation F of (or in)
M is a decomposition of M into disjoint connected surfaces Li, called the leaves of F , such
that (M,F) looks locally like (R3,R2 × R). More precisely:
(1) ∪iLi = M , and
(2) there exists an atlas A on M with respect to which F respects the following local
product structure:
• for every p ∈ M , there exists a coordinate chart (U, (x, y, z)) in A about p such
that U is homeomorphic to R3 and the restriction of F to U is the union of planes
given by z = constant.
A foliation is co-oriented if the leaves admit co-orientations that are locally compatible.
We also consider foliations F in compact smooth 3-manifolds with nonempty boundary,
restricting attention to the case that ∂M is a nonempty union of tori and F intersects ∂M
everywhere transversely. In this case, at boundary points of M , (M,F) looks locally like
horizontal closed half planes [0,∞)× R.
Calegari [4] proved that any foliation has an isotopy representative that isC∞,0; in particular,
such that TF is defined and continuous, and leaves ofF are smoothly immersed. A foliation is
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taut [14, 6] if for every p ∈ M there exists a 1-submanifold that contains p and is everywhere
transverse to F . The foliations constructed in this paper will have only noncompact leaves;
hence they have an isotopy representative that is taut [27, 6].
Recall that a subset ofM isF-saturated if it is a union of leaves ofF . A minimal set ofF is
a closed F-saturated subset ofM that doesn’t properly contain a nonempty closed F-saturated
subset. The foliations constructed in this paper contain a unique minimal set, and this minimal
set is disjoint from N(κ).
A lamination L is a decomposition of a closed subset of M into a union of injectively
immersed surfaces, called the leaves of L, such that (M,L) looks locally like (R3,R2 × C),
where C is a closed subset of R. Properly embedded compact surfaces, foliations, and F-
saturated closed subsets of M , such as minimal sets of foliations, are all key examples of
laminations. All laminations that arise in this paper are F-saturated closed subsets of M for
some foliation F .
A lamination strongly realizes the slope r ∈ S1 if it meets ∂N(κ) transversely in a lamina-
tion consisting of consistently oriented curves of slope r. When r is rational, these curves are
closed, and it makes sense to talk about the manifold M̂r obtained by Dehn surgery along κ by
slope r. If a lamination L strongly realizes slope r, then it extends to a lamination L̂ in M̂r by
capping off each boundary curve with disk. Moreover, if L is a co-oriented taut foliation, then
so is L̂.
4. ANY COMPOSITE KNOT WITH A PERSISTENTLY FOLIAR SUMMAND IS PERSISTENTLY
FOLIAR.
Before discussing connected sums of fibered knots, we prove the useful fact that strong
realization of a slope for a knot in S3 extends to any connected sum with that knot.
Proposition 4.1. Suppose κ = κ1#κ2 is a connected sum of knots in S3. If the slope m along
κ1 is strongly realized by a co-oriented taut foliation, then so is the slope m along κ.
Proof. Suppose Xκ1 contains a co-oriented taut foliation F1 that strongly realizes slope m.
By [20], there is a co-oriented taut foliation F2 in Xκ2 that strongly realizes the longitudinal
boundary slope. We describe how to form a “connected sum” of these two foliations to produce
a co-oriented taut foliation that strongly realizes slope m in Xκ.
Let P denote a summing sphere for this connected sum, and set A := P ∩ (S3 \ intN(κ)) =
P ∩ Xκ. Observe that for each i = 1, 2, ∂Xκi is the union of two annuli, one of which is A.
Viewing A as S1 × I , we may arrange that each foliation Fi intersects A with leaves θ × I ,
θ ∈ S1. It is easy to check that, gluing F1 to F2 along A, we obtain a taut foliation F in Xκ
that realizes slope m. Choosing compatible co-orientations on the foliations F1 and F2 yields
a co-orientation for F .

Corollary 4.2. Suppose κ = κ1# · · ·#κn is a connected sum of knots. If at least one of the κi
is persistently foliar, then so is κ. 
5. SPINES, TRAIN TRACKS AND BRANCHED SURFACES
In this paper we construct foliations by first constructing a spine, which we then smooth
to a branched surface that carries a foliation (more precisely, a lamination that extends to a
foliation). We restrict attention to the case that any intersections of a spine or a branched
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surface with ∂M are transverse; hence the intersection of a branched surface with the boundary
of a 3-manifold is a train track. The curves carried by this train track play an important role in
our analysis.
A train track is a space locally modeled on one of the spaces of Figure 1. An I-fibered
neighbourhood of a train track τ is a regular neighborhood N(τ) foliated (as a 2-manifold
with corners) by interval fibers that intersect τ transversely, as locally modeled by the spaces
in Figure 2.
1-manifold
neighborhood
Double point
neighborhood
FIGURE 1. Local models of a train track.
1-manifold
neighborhood
Double point
neighborhood
FIGURE 2. Local models of an I-fibered neighbourhood of a train track.
A standard spine [5] is a space Σ locally modeled on one of the spaces of Figure 3. A
standard spine with boundary has the additional local models shown in Figure 4. The critical
locus Γ of Σ is the 1-complex of points of Σ where the spine is not locally a manifold. The
critical locus is a stratified space (graph) consisting of triple points Γ0 and arcs of double points
Γ1 = Γ \ Γ0.
Definition 5.1. The components of Σ|Γ are called the sectors of Σ.
Surface
neighborhood
Double point
neighborhood
Triple point
neighborhood
FIGURE 3. Local models of a standard spine at interior points.
Surface
neighborhood
at boundary
Double point
neighborhood
at boundary
∂Σ
FIGURE 4. Local models of a standard spine at boundary points.
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A branched surface (with boundary) ([50]; see also [40, 41]) is a space B locally modeled
on the spaces of Figure 5 (along with those in Figure 6); that is, B is homeomorphic to a spine,
with the additional structure of a well-defined tangent plane at each point. The branching locus
Γ ofB is the 1-complex of points ofB whereB is not locally a manifold; such points are called
branching points. The branching locus is a stratified space (graph) consisting of triple points
Γ0 and arcs of double points Γ1 = Γ \ Γ0. The components of B|Γ are called the sectors of B.
Surface
neighborhood
Double point
neighborhood
Triple point
neighborhood
FIGURE 5. Local model of a branched surface at interior points.
Surface
neighborhood
at boundary
Double point
neighborhood
at boundary
∂B
FIGURE 6. Local model of a branched surface at boundary points.
An I-fibered neighborhood of a branched surface B in a 3-manifold M is a regular neigh-
borhood N(B) foliated by interval fibers that intersect B transversely, as locally modeled by
the spaces in Figure 7 at interior points; if the ambient manifold M has non-empty boundary,
all spines and branched surfaces are assumed to be properly embedded, with N(B) ∩ ∂M a
union (possibly empty) of I-fibers. The boundary of N(B) \ ∂M divides into those compo-
nents that are unions of fibers, called the vertical boundary and denoted by ∂vN(B), and those
to which the fibers are transverse, called the horizontal boundary and denoted by ∂hN(B).
Surface
neighborhood
Double point
neighborhood
Triple point
neighborhood
Horizontal boundary
Vertical boundary
FIGURE 7. Local models for N(B) (at interior points).
Let pi be the retraction of N(B) onto the quotient space obtained by collapsing each fiber to
a point. The branched surface B is obtained, modulo a small isotopy, as the image of N(B)
under this retraction. We will freely identify B with this image [40] and the core of each
component of vertical boundary with its image in Γ. Double points of the branching locus are
cusps with cusp direction pointing inward from the vertical boundary if B is viewed as the
quotient of N(B) obtained by collapsing the vertical fibers to points. Cusp directions will be
indicated by arrows, as in Figures 5 and 6.
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A branched surface B is co-oriented if the one-dimensional foliation of N(B) is oriented.
When ∂M is a union of tori, and co-oriented B is transverse to ∂M , the regions
(∂M \ intN(B), ∂vN(B) ∩ ∂M)
are products, and we use the notation
∂′vN(B) = ∂vN(B) ∪ (∂M \ intN(B)).
Following Gabai [14, 19, 20], we call each component of ∂′vN(B) a suture and refer to the pair
(M \ intN(B), ∂′vN(B)) as a sutured manifold. Note that each component of ∂′v(N(B)) is an
annulus or a torus.
A surface is said to be carried by B if it is contained in N(B) and is everywhere transverse
to the one-dimensional foliation ofN(B). A surface is said to be fully carried byB if it carried
by B and has nonempty intersection with every I-fiber of N(B). A lamination L is carried by
B if each leaf of L is carried by B, and fully carried if, in addition, each I-fiber of N(B) has
nonempty intersection with some leaf of L.
Similarly, a 1-manifold, or union of 1-manifolds, is said to be carried by a train track τ
if it is contained in some I-fibered neighbourhood N(τ), everywhere transverse to the one-
dimensional foliation of N(τ). A 1-manifold, or union of 1-manifolds, is said to be fully
carried by τ if it is carried by τ and has nonempty intersection with every I-fiber of N(τ).
+-
+-
+-
FIGURE 8. Oriented spine to oriented branched surface
If a branched surfaceB is homeomorphic to a spine Σ, we say thatB is obtained by smooth-
ing Σ. An example is illustrated in Figure 8. We say that a choice of co-orientations on the
sectors of Σ is compatible if there is a smoothing of Σ to a co-oriented branched surfaceB that
preserves the co-orientations on sectors; in this case, we call this smoothing the smoothing de-
termined by the co-orientations. Examples are illustrated in Figure 9 and Figure 10. Branched
surfaces BG(α) = 〈F ;D(α)〉 as described below play a key role in this paper. We use the
superscript G because Lemma 5.3 describes a special case of Gabai’s Construction 4.16 of
[20] applied in the context of [17].
Notation 5.2. LetX be a fibered 3-manifold, with compact fiber F and monodromy φ; assume
∂F is connected and non-empty. (For current purposes, of course, we focus on the complement
Xκ of a fibered knot κ.) Let α be a tight, non-separating arc in F . Set Σ = F ∪ D(α). Any
choice of orientations on the surfaces F and D(α) determines a unique compatible smoothing
of Σ to a branched surface. We denote this branched surface by BG(α) = 〈F ;D(α)〉. (For
purposes of this notation, F and D(α) are assumed oriented.)
Lemma 5.3. The complement pair
(
X \ intN (BG(α)) , ∂′vN (BG(α))) is homeomorphic to
(F |α × I, ∂ (F |α)× I).
Proof. The complement of intN(F ) is homeomorphic to F × [0, 1], and hence is a handlebody
of genus twice the genus of F , with ∂′vN(F ) = ∂F×[0, 1]. Cutting alongD(α) introduces two
strips of vertical boundary with cores isotopic to α, as illustrated in Figure 11, from which it
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+-
+-
+-
+-
+-
+
-
N(B) U ∂M, showing
the sutures, ∂  N(B)v'
FIGURE 9. BG near a transition arc.
+-
+-
+
-
FIGURE 10. BG near ∂M
follows that the complement ofN
(
BG(α)
)
is homeomorphic to F |α×I , with ∂′vN
(
BG(α)
)
=
∂ (F |α)× [0, 1].
...F   [0,1] x
F   [0,1] x ...’
α [0,1]x
Xκ\N(B  )
G
FIGURE 11. F × [0, 1] to BG = 〈F,D(α)〉.

We are now prepared to prove:
Proposition 5.4. Let α be a nonseparating tight arc with endpoints in ∂F . For each i = 0, 1,
δri (α) is a proper closed subarc of ∂F , and hence µi(α) = δi(α) ∪ δri (α) is the meridian.
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Proof. When X is fibered but not a knot complement, this follows immediately from the def-
inition of µ [48]. We sketch the proof in the case that X = Xκ. As α is fixed, we suppress
it in the notation for simplicity. Each arc δri is a closed connected subset of S
1. Suppose that
δri = S
1 for some i. Then τ = BG(α) ∩ ∂N(κ) contains as subtrack a train track that fully
carries the meridian. Examples are shown in Figure 12. It follows, by distributing some weight
to the second transition arc, that τ itself fully carries the meridian. This means, by the results
in [48], that there is a co-oriented taut foliation that strongly realizes the meridian, which is
impossible, since S3 contains no co-oriented taut foliation. 
∂F
δi
∂F
δi
+
+
+
+
+
x
x
1
1
FIGURE 12.
Hence, if we consider D(α), for some tight α, and focus on a neighourhood of δ0(α) or
δ1(α), we see one of the models shown in Figure 13. Reversing the orientation convention
found in [47, 48], we call the first crossing type positive and the second negative. Either the
endpoints of α separate those of φ(α) or they do not; up to symmetry, the possibilities are
listed in Figure 14. Notice that reversing the orientation of κ reverses the orientation on F , and
vice versa; so, the sign of a transition arc is independent of the initial choice of orientation on
κ.
κ κ
φ(α) φ(α)α α
Positive transition Negative transition
+ +
FIGURE 13. Positive and negative transition models
Definition 5.5. The monodromy φ is right-veering (respectively, left-veering) [29] if, for every
tight oriented arc α, either α = φ(α) or the pair (α, φ(α)) is positive (respectively, negative).
We next generalize the notation above for a particular family of splittings of the branched
surface BG(α) = 〈F ;D(α)〉.
Notation 5.6. Suppose α1, α2, . . . , αn = α is a sequence of oriented arcs properly embedded
in F .
Let Di = αi × [ i−1n , in ], oriented so that ∂Di contains αi × { i−1n } as a positively oriented
subarc. Let Fi = F × { in}.
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a
b
+ + +
+
FIGURE 14. Possibilities for the transition arc pair: (a) positive transitions (b)
positive and negative transition
We denote by BG(α1, α2, . . . , αn) = 〈F ; (Di)ni=1〉 the branched surface obtained, under the
identification (x, 1) ∼ (φ(x), 0), by smoothing the spine⋃ni=1 (Fi−1 ∪Di) with co-orientation
consistent with the given orientations on the product disksDi and copies of the fiber Fi. Notice
that BG(α1, α2, . . . , αn) = 〈F ; (Di)ni=1〉 is a splitting of BG(α) for n > 1.
5.1. Laminar branched surfaces. A minimal set of a co-oriented taut foliation F is neces-
sarily essential, and therefore carried by an essential branched surface:
Definition 5.7. [25] A branched surface B in a closed 3-manifold M is called an essential
branched surface if it satisfies the following conditions:
(1) ∂hN(B) is incompressible in M \ int(N(B)), no component of ∂hN(B) is a sphere
and M \ int(N(B)) is irreducible.
(2) There is no monogon in M \ int(N(B)); i.e., no disk D ⊂ M \ int(N(B)) with
∂D = D ∩N(B) = α ∪ β, where α ⊂ ∂vN(B) is in an interval fiber of ∂vN(B) and
β ⊂ ∂hN(B)
(3) There is no Reeb component; i.e., B does not carry a torus that bounds a solid torus in
M .
In practice, it can be difficult to determine whether an essential branched surface fully carries
a lamination. In [36, 37], Li defines the notion of laminar, a very useful criterion that is
sufficient (although not necessary) to guarantee that an essential branched surface fully carries
a lamination. We recall the necessary definitions here.
Definition 5.8. [36, 37] Let B be a branched surface in a 3-manifold M . A sink disk is a disk
branch sector D of B for which the cusp direction of each component of Γ1 ∩D points into D
(as shown in Figure 15). A half sink disk is a sink disk which has nonempty intersection with
∂M .
Sink disks and half sink disks play a key role in Li’s notion of laminar branched surface. A
sink disk or half sink disk D can be eliminated by splitting D open along a disk in its interior;
these trivial splittings must be ruled out:
Definition 5.9. ([36], [37]) Let D1 and D2 be the two disk components of the horizontal
boundary of a D2 × I region in M \ int(N(B)). If the projection pi : N(B)→ B restricted to
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FIGURE 15. A sink disk
the interior of D1 ∪D2 is injective, i.e, the intersection of any I-fiber of N(B) with int(D1)∪
int(D2) is either empty or a single point, then we say that pi(D1 ∪D2) forms a trivial bubble
in B.
Definition 5.10. ([36], [37]) An essential branched surface B in a compact 3-manifold M is
called laminar if it satisfies the following conditions:
(1) B has no trivial bubbles.
(2) B has no sink disk or half sink disk.
Theorem 5.11. ([36], [37]) Suppose M is a compact and orientable 3-manifold.
(a) Every laminar branched surface in M fully carries an essential lamination.
(b) Any essential lamination in M that is not a lamination by planes is fully carried by a
laminar branched surface.
In general, the branched surface BG of Lemma 5.3 is not laminar. However, BG admits
a splitting to a laminar branched surface. Moreover, this splitting can be chosen so that the
boundary train track of the resulting laminar branched surface contains the meridian as sub-
track.
Definition 5.12. Let X be an oriented fibered 3-manifold, with monodromy φ and compact
fiber F ; assume ∂F is connected and nonempty. Let α be a tight, non-separating arc prop-
erly embedded in F . A sequence φ(α) = α0, α1, α2, . . . , αn = α of oriented arcs properly
embedded in F is α-sparse if, for all j,
(1) αj ∩ αj+1 = ∅ and
(2) αj and αj+1 are non-isotopic.
Definition 5.13. For i = 0, 1, an α-sparse sequence is i-end-effective, if the endpoints αj(i), 0 ≤
j ≤ n, give a monotonic sequence in the interval δri (α). An α-sparse sequence is end-effective
if it is both 0-end-effective and 1-end-effective.
Theorem 5.14. Let X be an oriented fibered 3-manifold, with monodromy φ and compact
fiber F ; assume ∂F is connected and nonempty. Let α be a tight, non-separating arc properly
embedded in F . If both transition arcs are positive (respectively, negative), then, fixing either
orientation on α, there is a 0-end-effective (respectively, 1-end-effective) sequence φ(α) =
α0, α1, α2, . . . , αn = α such that the train track τ = BG(α1, α2, . . . , αn) ∩ ∂M contains as
subtrack the meridian, with the meridional subtrack necessarily containing δ0(α) (respectively,
δ1(α)).
If one transition arc is positive and the other negative, then there is an end-effective sequence
φ(α) = α0, α1, α2, . . . , αn = α such the train track τ = BG(α1, α2, . . . , αn) ∩ ∂M contains
as subtrack two disjoint copies of the meridian, with one component of the subtrack containing
δ0(α) and the other containing δ1(α).
In each case, the resulting branched surface BG(α1, α2, . . . , αn) is necessarily laminar.
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FIGURE 16. Sequences that are i-end-effective (the example n = 2), as nec-
essary in the construction of BG(α1, α2, . . . , αn).
Proof. This is primarily a restatement of results found in [47, 48]. There are three possibilities,
as illustrated in Figure 16.
When the transitions have a common sign and δr0(α) ∩ δr1(α) = ∅, this is the main result of
[47] together with Corollary 6.4 of [48]. Corollary 6.4 of [48] is easily modified to allow for
the case that δr0(α) ∩ δr1(α) 6= ∅; a hint is shown in Figure 17.
F
∂F or
F
∂F
FIGURE 17.
When the transitions are of opposite sign, this is the main construction of [47] together with
Corollary 6.6 of [48]. 
In particular, it follows that BG(α1, α2, . . . , αn) ∩ ∂M carries all meridians. If M is a knot
complement, fix the standard coordinate system on ∂M . Otherwise, fix the coordinate sys-
tem defined in [48]. When the transition arcs are of opposite sign, BG(α1, α2, . . . , αn) ∩
∂M fully carries all meridians except µ. When both transition arcs have the same sign,
BG(α1, α2, . . . , αn) ∩ ∂M fully carries all meridians except the two, which we call extremal,
obtained by taking the union of δi(α) with, respectively, each of the components of ∂F \δi(α).
When δi(α) is positive (respectively, negative), the extremal meridians are µ and the simple
closed curve of slope 1
1
(respectively −1
1
). It follows that the train track BG(α1, α2, . . . , αn) ∩
∂M fully carries the open interval of slopes that is bounded by these extremal meridians and
contains all other meridians.
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6. CONNECTED SUMS OF FIBERED KNOTS ARE PERSISTENTLY FOLIAR
Theorem 6.1. Suppose κ1 and κ2 are nontrivial fibered knots in S3. Any nontrivial slope on
κ = κ1#κ2 is strongly realized by a co-oriented taut foliation that has a unique minimal set,
disjoint from ∂N(κ). Hence κ1#κ2 is persistently foliar.
Corollary 6.2. Suppose κ is a composite knot in which each of two summands is a fibred,
alternating, or Montesinos knot. Then κ is persistently foliar.
Proof. All Montesinos and prime alternating knots are either persistently foliar or fibered, by
the results of [7, 9, 8]. Thus the result follows immediately from Theorem 6.1 and Corol-
lary 4.2. 
Corollary 6.3. Suppose κ is a composite knot in which each of two summands is a fibred,
alternating, or Montesinos knot, and X̂κ is a manifold obtained by non-trivial Dehn surgery
along κ. Then X̂κ contains a co-oriented taut foliation; hence, κ satisfies the L-space Knot
Conjecture.
We prove Theorem 6.1 in the sections that follow. First, in Section 6.1, we describe the
spine, Σ, underlying the branched surface, B, that carries the minimal set of the desired foli-
ations. In Section 6.2 we describe compatible co-orientations on Σ, smoothing it to obtain B.
In Section 6.3 we give a precise description of the complementary regions of B. In Section 6.4
we prove that B carries no compact leaves, and in Section 6.5 we prove that B fully carries
a lamination. Finally, in Section 6.6, we show that this lamination extends to a family of co-
oriented taut foliations with unique common minimal set, carried by B, that strongly realize
all boundary slopes.
6.1. The spine Σ. Let κ = κ1#κ2 ⊂ S3 be a connected sum, where each of the knots κ1 and
κ2 is nontrivial and fibered, with fibers F1 and F2 respectively. Let F denote the band connect
sum of F1 and F2; so F is a fiber for κ [13].
Let P denote a summing sphere for this connected sum, cutting F into F1 and F2. Set
A := P ∩ (S3 \ intN(κ)) = P ∩Xκ.
Choose the isotopy representatives of φ and P so that A|F = D(β) for an arc β properly
embedded in F . Thus φ(β) = β and the endpoints of β are fixed points of φ.
View F as a compact surface properly embedded in Xκ, and view F1 and F2 as compact
surfaces properly embedded in Xκ|A. Denote the component of Xκ|A containing Fi by Xκi;
we observe that Xκi is indeed homeomorphic to the complement of κi. Let T = ∂Xκ.
To simplify the exposition, we focus on the case that both κ1 and κ2 have right-veering
monodromy. The case that they both have left-veering monodromy follows symmetrically. We
address the remaining case, that κ has monodromy that is neither right- nor left-veering, in
Section 7.
Choose non-separating, tight, properly embedded arcs α1 in F1 and α2 in F2 disjoint from
β. Consider D(αi) ∈ Xκi . Set Σ0 = T ∪A ∪ F ∪D(α1) ∪D(α2). Notice that Σ0 is not yet a
spine as two surfaces meet transversely along β. To remedy this, isotope F2 so that F2 remains
a properly embedded surface in Xκ2 , but F2 ∩ A is an isotopy representative of β in A that
meets β transversely in a single point. (We could instead have chosen this representative to be
disjoint from β. Now set
Σ = T ∪ A ∪ F1 ∪ F2 ∪D(α1) ∪D(α2).
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To simplify notation, set Di = D(αi) for i = 1, 2.
Finally, isotope Σ into the interior of Xκ, so that T is parallel to ∂Xκ, with the annulus A
still contained in the summing sphere P .
6.2. The co-oriented branched surface B. In this section, we describe a smoothing of Σ by
fixing a compatible choice of co-orientations on the sectors of Σ.
T
T
A
T
TF
F
1
2
+
+
++
--
-
FIGURE 18. The co-orientations on Σ near A.
Choose a regular neighbourhood N(A) of A in Σ such that the closure of N(A) is disjoint
from D1 ∪D2, and fix co-orientations on the sectors of N(A) as shown in Figure 18. Give F1
and F2 the co-orientations that agree, respectively, with the co-orientations of F1 ∩N(A) and
F2 ∩ N(A). Choose any co-orientations on D1 and D2. These induce orientations on α1 and
α2. Finally, cut T open along µ0(α1) ∪ µ0(α2) (the meridians defined in Definition 3.1) and
assign co-orientations to the resulting annuli components to agree with those of T ∩N(A). We
have thus described co-orientations on the sectors of Σ.
++-
-
+
+
- +
Type C meridional smoothing
Type C 
meridional 
smoothing
-
Branching locus
on the annulus A
F1
T T
T T
A
μ1
μ2
F2
FIGURE 19. The branched surface near A, also showing the co-orientations of
T near µ0(α1) and µ0(α2).
It is straightforward to check that this choice of co-orientations on the sectors of Σ deter-
mines a compatible smoothing of Σ to a branched surface. Call this branched surface B. The
smoothings restricted to N(A) are shown in Figure 19. Those near µ0(α1) and µ0(α2) are
shown in Figures 20 and 21, and called Type C, and those near µ1(α1) and µ1(α2) are shown
in Figure 22, and called Type B. We note that the choice of co-orientations on the sectors of
Σ is motivated by the theory developed in [7, 9], as is the terminology Type C (for cusp) and
Type B.
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FIGURE 20. B in a neighbourhood of a positive Type C crossing: introducing
a meridian cusp in the region containing κ.
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FIGURE 21. B in a neighbourhood of a negative Type C crossing: introducing
a meridian cusp in the region containing κ.
It is helpful for calculations to make note of the components of ∂vN(B) that result locally
from each type of smoothing near a transition arc. These are shown in (red) boldface in Fig-
ure 23.
6.3. The three complementary regions of B. For each i, let gi denote the genus of Fi. We
now describe the components of the sutured manifold (Xκ \ intN(B), ∂v(N(B)), commonly
referred to as the complementary regions of B. Clearly there are three, one of which contains
∂Xκ, and one lying in each Xκi . Let V1 and V2 be the annuli of vertical boundary with cores
µ1 = µ0(α1) and µ2 = µ0(α2).
Proposition 6.4. The sutured manifold (Xκ \ int N(B), ∂vN(B)) consists of the following
three (sutured manifold) components:
(1) (∂Xκ × I, V1 ∪ V2),
(2) (F ′1 × I, ∂F ′1 × I), and
(3) (F ′2 × I, ∂F ′2 × I),
where F ′i = Fi|αi is a surface with two boundary components and genus gi − 1.
18 DELMAN AND ROBERTS
F
F
F
D
F
F
D
=
+
–
+
–
+
–
+
–
+
–
+
–
+–
+
–
+
–
+
–
+
–
+
–
+–
+
–
+–
=
F
F
+
–
+
–
+
–
+–
+–
D
+
–
+
–
+
–
+–
+–
F
F
+
–
+
–
+–
+–
D
x x
x
x
Triple point
at x
Triple point
at xD
F
T
D
F
T
F
F
FIGURE 22. B in a neighbourhood of a positive Type B transition
Type A or C Type B
FIGURE 23. N(B), showing the sutures, ∂vN(B), at smoothings of Type A,
B, and C.
Proof. T is parallel to ∂Xκ. Moreover, each of the two Type C neighbourhoods ofB introduces
a single meridian suture. Hence, the complementary region containing ∂Xκ is isomorphic to
the sutured manifold described in (1).
Set BG1 = 〈F1, D1〉 and BG2 = 〈F2, D2〉. By Lemma 5.3, it suffices to show that the
remaining components complementary to intN(B) are isomorphic as sutured manifolds to
the closed complements of BG1 and B
G
1 , respectively. Let Yi be the component that lies in Xκi .
Forgetting the sutured manifold structure of ∂Yi, the compact 3-manifold Yi is a genus 2gi− 2
handlebody, and hence is homeomorphic to F ′i × I . It suffices, therefore, to prove that this
homeomorphism can be chosen so that ∂′vYi is mapped to ∂Fi × I . Away from ∂A and the
crossings Di ∩ T , the core of ∂′vYi runs along T , parallel to ∂Fi. At the crossings, this core
combines with the arcs Di ∩ Fi (topologically) as it does in BG; see Figure 23.
At ∂A, this core wraps partway about ∂A, but disjointly from ∂Fi. Hence (Yi, ∂′vYi) is
isomorphic to (F ′i × I, ∂F ′i × I). This is illustrated in Figure 24.

Corollary 6.5. Let M̂ denote a closed 3-manifold obtained by Dehn filling of slope p
q
along κ.
The complement (M̂ \ int N(B), ∂vN(B)) consists of the following three components:
(1) A solid torus whose meridian has minimal geometric intersection number 2|q| with
µ1 ∪ µ2,
(2) (F ′1 × I, ∂F ′1 × I), and
(3) (F ′2 × I, ∂F ′2 × I),
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FIGURE 24. The sutures of B agree with those of BG.
where F ′i is a surface with two boundary components and genus gi − 1.
Proof. Consider the complementary component that contains ∂Xκ. After Dehn filling ∂Xκ
with slope p/q, this component transforms to a solid torus with meridian intersecting each of
the curves µ1 and µ2 minimally in |〈1/0, p/q〉| = |q| points.

6.4. Any leaf carried by B is noncompact.
Proposition 6.6. Any surface carried by B has nonempty intersection with every branch of B,
and is noncompact. In particular, B does not carry a torus.
Proof. Let L be any nonempty surface carried by B, and let BL be the sub-branched surface of
B that fully carries L. If B fully carries L, then BL = B. In general, BL is a union of sectors
of B.
We first observe that BL must contain a sector of F that has nonempty intersection with T .
Suppose by way of contradiction that it does not. Since the sink directions onDi∩F point into
F for each i, BL contains such a sector of F whenever BL contains Di; hence we may assume
that BL contains no Di. But if BL does not contain D1 or D2, it can contain a sector of F only
when it contains every sector of F . Hence, we may assume that BL does not contain D1, D2,
or any sector of F , and therefore does not contain any sector of T , since a cusp direction points
from T into F at Type C smoothings. But it then follows that BL cannot contain a sector of A,
and hence is empty, an impossibility.
Thus, BL contains a sector F0 of F that has nonempty intersection with T . Since F0 has an
arc of boundary along T with outward-pointing cusp direction, L ∩ N(T ) contains a proper
embedding of a ray [0,∞) carried by a meridian of T ; hence, L is not compact.

6.5. B fully carries a lamination L. The branched surface B might contain sink or half sink
disks. However, using ideas from [48], it is straightforward to show that it can be split to a
branched surface that contains no sink or half sink disk.
Notation 6.7. Given a sequence of oriented arcs αi,1, αi,2, αi,3, . . . , αi,n embedded in Fi, let
Di,j = αi,j ×
[
j−1
n
, j
n
]
, oriented so that ∂Di,j contains αi,j ×
{
j−1
n
}
as a positively oriented
subarc. Let Fi,j = Fi ×
{
j
n
}
.
Proposition 6.8. The branched surface B can be split open to a laminar branched surface B′
homeomorphic to the spine
T ∪ A ∪
(
n1⋃
j=1
F1,j−1 ∪D1,j
)
∪
(
n2⋃
j=1
F2,j−1 ∪D2,j
)
,
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where φ(αi) = αi,0, αi,1, αi,2, . . . , αi,ni = αi is a 0-end-effective sequence in Fi.
The complement of B′ has 2n+ 1 components:
(1) (∂Xκ × I, V ′1 ∪ V ′2), where V ′1 and V ′2 are disjoint meridional annuli,
(2) n1 copies of (F ′1 × I, ∂F ′1 × I), and
(3) n2 copies of (F ′2 × I, ∂F ′2 × I),
where each F ′i is a surface with two boundary components and genus gi − 1.
Proof. Recall our assumption that all transition arcs are positive; hence Type B smoothings
occur at δ1 and Type C smoothings occur at δ0 for each arc αi, i = 1, 2.
F i,0 F i,1
+ -
+
–
+
–
+–
+–
+–
+
–
i,1
D
i,1
D
i,2
D
i,2
D
FIGURE 25. Introducing a meridian cusp after splitting. Example with two
copies of fiber Fi.
Applying Theorem 5.14 to BG(αi), for each i = 1, 2, there are 0-end-effective sequences
φ(αi) = αi,0, αi,1, αi,2, . . . , αi,ni = αi such that each branched surfaceB
G(αi,1, αi,2, . . . , αi,ni)
is laminar, and each train track τi = BG(αi,1, αi,2, . . . , αi,ni) ∩ ∂M , contains the meridian as
a subtrack containing δ0(αi). Denote each meridian subtrack by µτi . Recall that each Fi,j is
oriented consistently with Fi, i = 1, 2.
Setting
Σ′ = T ∪ A ∪
(
n1⋃
j=1
F1,j−1 ∪D1,j
)
∪
(
n2⋃
j=1
F2,j−1 ∪D2,j
)
,
we describe a smoothing of Σ′ by fixing a compatible choice of co-orientations on the sectors
of Σ′. Indeed, co-orientations have been fixed for all sectors except those lying in T . We define
co-orientations in the sectors of T by choosing co-orientations on the two annuli obtained by
cutting T open along µτ1∪µτ2 , choosing these co-orientations to agree with the co-orientations
chosen on T ∩N(A).
It is straightforward to check that this choice of co-orientations on the sectors of Σ′ deter-
mines a compatible smoothing of Σ′ to a branched surface. Call this branched surface B′.
Under this smoothing, the two meridians µτ1 ∪ µτ2 become meridian cusps in the complemen-
tary region that contains ∂Xκ. This is illustrated in Figure 25. Let V ′i be the annulus of vertical
boundary with core µτi .
Since B does not carry a torus, and B′ is a splitting of B, B′ does not carry a torus. More-
over, since the sequences αi,0, αi,1, αi,2, . . . , αi,ni are α-sparse, neitherB
G(αi,1, αi,2, . . . , αi,ni)
has a sink disk or half sink disk; thus, B′ has no sink disk or half sink disk. So B′ is lami-
nar. 
Corollary 6.9. B fully carries a lamination.
Proof. The branched surfaceB′ described in Proposition 6.8 is laminar, and hence fully carries
a lamination L [36]. Since B′ is obtained by splitting B, L is also fully carried by B. 
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6.6. L extends to co-oriented taut foliations that strongly realize all boundary slopes.
Proposition 6.10. For each slope γ (not necessarily rational), the lamination L extends to a
co-oriented taut foliation Fγ that strongly realizes γ. Each Fγ has a unique minimal set, fully
carried by B.
Proof. The complementary region of B that is not a product (as a sutured manifold) is the one
containing ∂Xκ: (∂Xκ × I, V ′1 ∪ V ′2), where V ′1 and V ′2 are disjoint meridional annuli. Denote
this region by Y∂ . We will now show that for every nontrivial slope γ (not necessarily rational),
this region can be filled in by noncompact leaves that meet ∂Xκ in parallel leaves of slope γ.
When γ is rational, this region contains a properly embedded annulusAγ = γ× [a, b]. When
γ is not the meridian, any choice of co-orientation of Aγ describes a smoothing of Σ∪Aγ to a
branched surface in Xκ whose complementary regions are all products (as sutured manifolds).
In general (when γ is either rational, but not λ, or irrational), proceed instead as follows.
Consider the essential annulus Aλ = λ × [a, b]. Again, any choice of co-orientation of Aλ
describes a smoothing of Σλ = Σ ∪ Aλ to a branched surface in Xκ whose complementary
regions are all products. In particular, the complementary region Y∂|Aλ is a solid torus with
two longitudinal sutures. Let Dµ be the product disk for this region, isotoped so that the
essential arcs Dµ ∩ Aλ are disjoint. The two distinct choices of orientation on Dµ give rise
to two smoothings of Σλ ∪ Dµ; call the resulting branched surfaces B1 and B2. The isotopy
representative of Dµ can be chosen so that the train tracks B1 ∩ ∂Xκ and B2 ∩ ∂Xκ together
fully carry all nontrivial, nonlongitudinal boundary slopes. The associated measures on these
train tracks describe measured laminations that are fully carried by the sub-branched surfaces
(not properly embedded) with spine Aλ ∪ Dµ. (Alternatively, the branched surfaces B1 and
B2 are laminar, and hence there exist co-oriented laminations fully carried by B1 or B2 that
strongly realize any nontrivial, nonlongitudinal slope γ [37]. The proof of the main result of
[37] reveals that these foliations can be chosen to includeL as a sublamination.) This argument
can of course be repeated replacing λ with any nontrivial slope.
Filling in the product complementary regions of the resulting lamination with parallel copies
of the boundary leaves yields a co-oriented foliation Fγ that strongly realizes γ. Since Fγ has
no compact leaves, it is necessarily taut. Since any leaf carried byB has nonempty intersection
with every branch of B, Fγ has exactly one minimal set. When the surgery coefficient is
rational but not an integer, the minimal set of Fγ remains genuine after Dehn filling by slope
γ.

This extension of L to the family of co-oriented taut foliations Fγ (and F̂γ) is an extension
of the well known “stacking chair” construction (see, for example, Example 1.1.i in [22]). An
alternate approach to moving from the lamination L to co-oriented taut foliations in X̂γ , for γ
rational, can be found as Operations 2.3.2 and 2.4.4 in [21].
We note, for the reader interested in understanding all co-oriented taut foliations in the
complement of κ, that there are multiple distinct choices of compatible co-orientations on Σ
leading to branched surfaces that fully carry taut foliations.
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7. ADDITIONAL CONSTRUCTIONS WHEN THE MONODROMY OF κ IS NEITHER RIGHT-
NOR LEFT-VEERING.
Recall that if the monodromy of κ is neither right- nor left-veering, Theorem 1.4 guarantees
that any nontrivial slope is strongly realized by some co-oriented taut foliation. We now intro-
duce several new constructions of co-oriented taut foliations that give the same result, most of
which differ from the foliations of [47, 48] in that they have genuine minimal set.
We note in passing that if the monodromy of κ is neither right- nor left-veering, then it has
fractional Dehn twist coefficient zero [30], or, equivalently, Gabai degeneracy n · 1
0
for some
n ≥ 1 [34].
Lemma 7.1. A connected sum of knots has right-veering (respectively, left-veering) mon-
odromy if and only if each of its components has right-veering (respectively, left-veering)
monodromy.
Proof. By induction, it suffices to consider the case of two nontrivial summands. The result
follows immediately from Corollary 1.4 of [16], or, more directly, from an analysis of product
disks. 
Corollary 7.2. Suppose the monodromy of κ = κ1#κ2 is neither right- nor left-veering. Then
one of the following must be true:
(1) at least one of κ1 or κ2 has monodromy that is neither right- nor left-veering, or
(2) one of κ1 or κ2 has monodromy that is right-veering, and the other summand is left-
veering. 
We proceed as in the right-veering case, by first constructing a spine, and then describing
a smoothing by fixing a compatible choice of co-orientations on the branches of this spine.
We note for completeness that we could address each summand separately in the manner of
Section 6: as in Section 6.1, let Σ = T ∪ A ∪ F1 ∪ F2 ∪ D1 ∪ D2, with the orientations on
A, T, F1, F2, α1, and α2 chosen as before in Section 6.2. The only difference in the case that
Di has transition arcs of opposite sign is that, along with a local smoothing of Type C, we see
a local smoothing as shown in Figures 26 and 27, which we call Type A; again, as before, the
sutures of B agree with those of BG, as shown in Figure 28.
However, there is a simpler and more general construction which does not depend on having
a connected sum, given in the following proposition:
Theorem 7.3. Suppose thatX is a fibered 3-manifold, with fiber F a compact oriented surface
with connected boundary, and orientation-preserving monodromy φ. If there is a tight arc α
so that the corresponding product disk Dα has transition arcs of opposite sign, then there
is a co-oriented taut foliation Fγ that strongly realizes slope γ for all slopes except µ, the
distinguished meridian. The foliation Fγ has a unique minimal set, and this minimal set is
genuine and disjoint from ∂M . Furthermore, each Fγ extends to a co-oriented taut foliation
F̂γ in X̂(γ), the closed 3-manifold obtained by Dehn filling along γ, and when γ intersects the
meridian efficiently in at least two points, the minimal set of F̂(γ) is genuine as well.
Proof. Set D = Dα, µ0 = µ0(α), and µ1 = µ1(α). Choose a small annular neighbourhood of
∂F in F , and let F0 denote the complement of this annulus in F . We may assume φ restricts
to a homeomorphism of F0; so (F0 × I)/φ is a codimension zero submanifold of X . Let T
denote the torus boundary of this submanifold.
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FIGURE 26. B in a neighbourhood of a negative Type A transition
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FIGURE 27. B in a neighbourhood of a positive Type A transition
φ(α) φ(α)α α
Type AType C
FIGURE 28. The sutures of B agree with those of BG.
Now consider the spine T ∪ F0 ∪ D. Fix an arbitrary co-orientation on F0, and choose
the co-orientation on D that results in the smoothing in the interior of F0 that is indicated in
Figure 29.
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φ(α) φ(α)α α
Type CType C
FIGURE 29. Introducing two meridian cusps.
Now choose co-orientations on the components of T |µ0∪µ1 in a neighbourhood of the spine
about each transition so that a meridian cusp in introduced at each, as modelled in Figures
20 and 21. Since the transition arcs are of opposite sign, there is a compatible choice of co-
orientation on the components of T |µ0∪µ1 that agrees with these local choices. As illustrated
in Figure 29, the complementary region of the resulting branched surface that does not contain
∂Xκ is isomorphic as a sutured manifold to BG(F0, D). We thus obtain a branched surface
B with one complementary region homeomorphic to a (F ′0 × I, ∂F ′0 × I), where F ′0 = F0|α,
and one complementary region homomorphic to (∂Xκ × I, V0 ∪ V1), where V0 and V1 are
disjoint meridional annuli with cores µ0 and µ1, respectively. It is therefore essential. Apply
the arguments of Section 6 to the splitting of B guaranteed by Theorem 5.14 to see that B
splits to a laminar branched surface. The desired conclusions now follow as in our previous
constructions.

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